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1
(Markov Decision Processes, MDPs) ,
(cf. [2, 5, 7, 11]) (cf. [5, 12, 15]) .
, .
, .
De Robertis and Hartigan[1]
, ,
MDPs(Interval estimated MDPs) . ,
[1] , MDPs(Interval Bayesian estimated
MDPs) . , ,
, .
Kurano et al[8, 9] “Controlled Markov set-chain model” ,
,
, , MDPs .
2
, .
$\mathbb{R},\mathbb{R}^{n},$ $\mathbb{R}^{mxn}$ , $n$ , $mxn$ . $\mathbb{R}=\mathbb{R}^{1x1},$ $\mathbb{R}^{n}=\mathbb{R}^{n\cross 1}$
. , $\mathbb{R}_{+},$ $\mathbb{R}_{+}^{n},$ $\mathbb{R}_{+}^{mxn}$ $\mathbb{R},$ $\mathbb{R}^{n},\mathbb{R}^{mxn}$ .
$\mathbb{R}^{mxn}$
$\preceq,$ $\prec$ : $\mathbb{R}^{m\cross n}\ni A=(a_{ij}),$ $B=(b_{ij})$
(2.1) $A\preceq B(a_{ij}\leqq b_{ij}(1\leqq i\leqq m,$ $1\leqq i\leqq n)$ $)$ , $A\prec B(A\preceq B$ $A\neq B$ $)$
. $\underline{A}\preceq\overline{A}$ $\underline{A}=(\underline{a}_{ij}),\overline{A}=(\overline{a}_{ij})\in \mathbb{R}_{+}^{mxn}$ $\langle\underline{A},$ $Z\rangle$ :
(2.2) $\langle\underline{A},\overline{A}\rangle=\{Q=(q_{ij})\in \mathbb{R}_{+}^{mxn}|\underline{a}_{ij}\leqq q_{ij}\leqq\overline{a}_{ij},q_{ij}\geqq 0,\sum_{j=1}^{n}q_{ij}=1(1\leqq i\leqq m, 1\leqq j\leqq n)\}$.
$nxn$ $\mathcal{M}_{n}=\{\langle\underline{Q})\overline{Q}\rangle|\langle\underline{Q},Q\}\neq\emptyset,\underline{Q}\preceq 6,\underline{Q},\overline{Q}\in \mathbb{R}_{+}^{n\cross n}\}$ . $\mathcal{M}_{n}\ni$
$Q_{1},$ $Q_{2}$ $\mathcal{Q}_{1}\mathcal{Q}_{2}$ $Q_{1}Q_{2}=\{Q_{1}Q_{2}|Q_{1}\in Q_{1},$ $Q_{2}\in Q_{2}\}$ . , $Q\in \mathcal{M}_{n}$
: $\mathcal{Q}^{k}=\mathcal{Q}^{k-1}\mathcal{Q}(k\geqq 2)$ .
$C(\mathbb{R}_{+})$ $\mathbb{R}_{+}$ . , $C(\mathbb{R}_{+})^{n}$ $C(\mathbb{R}_{+})$ $n$
: $C(\mathbb{R}_{+})^{n}=\{D=(D_{1},D_{2}, \ldots, D_{n})’|D_{i}\in C(\mathbb{R}_{+})(1\leqq i\leqq n)\}$ . , $d’$
$d$ . $C(\mathbb{R}_{+})^{n}$ ( , ) :
$D=(D_{1}, D_{2}\ldots., D_{n})’,$ $E=(E_{1}, E_{2}, \ldots, E_{n})’\in C(\mathbb{R}_{+})^{n},$ $h\in \mathbb{R}_{+}^{n},$ $\lambda\in \mathbb{R}_{+}$ ,
(2.3) $D+E=\{d+e|d\in D,$ $e\in E\},$ $h+D=\{h+d|d\in D\},$ $\lambda D=\{\lambda d|d\in D\}$ .
$D=([\underline{d}_{1},\overline{d}_{1}],$ [$\underline{d}_{2},\overline{d}_{2}|,$ $\ldots,$ $[\underline{d}_{n},\overline{d}_{n}|)’\in C(\mathbb{R}_{+})^{n}$ $D=[\underline{d},\overline{d}]$ . , $\underline{d}=(\underline{d}_{1},\underline{d}_{2}, \ldots,\underline{d}_{n})\in$
$\mathbb{R}_{+}^{n},\overline{d}=(\overline{d}_{1},\overline{d}_{2}, \ldots,\overline{d}_{n})\in \mathbb{R}_{+}^{n}$ . $D=(D_{1}, D_{2}, \ldots, D_{n})’\in C(\mathbb{R}_{+})^{n}$ $G\subset \mathbb{R}_{+}^{1\cross n}$
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, $GD$ $GD=\{gd|g=(g_{1}, g_{2}, \ldots,g_{n})\in G, d=(d_{1}, d_{2}, \ldots, d_{n})’\in D, d_{l}\in D_{i}(1\leqq i\leqq n)\}$
.
.
Lemma 2.1. $([$4, $8J)(i)$ $Q\in \mathcal{M}_{n}$ $n\cross n$ $\mathbb{R}^{nxn}$ . (ii)
$G\subset \mathbb{R}_{+}^{1xn}$ $D=(D_{1},$ $D_{2},$
$\ldots,$
$D_{n})\in C(\mathbb{R}_{+})^{n}$ $GD\in C(\mathbb{R}+)$ .
$C(\mathbb{R}_{+})$ $\preceq,$ $\prec$ : $[c_{1}$ , C2 $]$ , $|d_{1},$ $d_{2}]\in C(\mathbb{R}_{+})$
(2.4) $\{\begin{array}{ll}[c_{1}, c_{2}]\preceq[d_{1}, d_{2}] (q\leqq d_{t}(i=1,2) \text{ } )[c_{1}, c_{2}]\prec[d_{1}, d_{2}] ([c_{1}, c_{2}]\preceq[d_{1}, d_{2}] \text{ } [c_{1}, c_{2}]\neq[d_{1}, d_{2}] \text{ } )\end{array}$
. $C(\mathbb{R}_{+})^{n}$ $\preceq,$ $\prec$ $C(\mathbb{R}_{+})$ : $v=(v_{1}, v_{2}, \ldots, v_{n})’,$ $w=$
$(w_{1},$ $w_{2},$ $\ldots,$
$w_{n})’\in C(\mathbb{R}_{+})^{n}$
(2.5) $v\preceq w(v_{i}\preceq w_{i}(1\leqq i\leqq n)$ $)$ , $v\prec w(v\prec w$ $v\neq w$ $)$
$\mathbb{R}_{+}^{n}$ 2 $D_{1},$ $D_{2}$ $\rho$ :
(2.6) $\rho(D_{1}, D_{2})=\max\{\sup_{x\in D_{1}}\inf_{y\in D_{2}}\Vert x-y\Vert,\sup_{y\in D_{2}}\inf_{x\in D_{1}}\Vert x-y\Vert\}$ .
, $|$ $\mathbb{R}^{n}$ .
, .
$S=\{1,2, \ldots, n\}$ , $A=\{1,2,$ $\ldots,$ $k\}$ . :
(2.7) $P(S):= \{p=(p_{1},p_{2}, \ldots,p_{n})\in \mathbb{R}_{+}^{n}|\sum_{\dot{*}\in S}p_{i}=1\}$ ,
(2.8) $P(S|S)$
$:= \{q=(q_{ij} : i,j\in S)\in \mathbb{R}_{+}^{n\cross n}|\sum_{j\in S}q_{1j}=1(i\in S)\}$
,
(2.9) $P(S|S\cross A)$ $:=\{Q=(q_{ij}(a) : i,j\in S, a\in A)\in \mathbb{R}_{+}^{knxn}|q_{i}(a)\in P(s)(i\in S, a\in A)\}$ .
$D$ $B_{+}(D)$ . $D$ $B_{+}(D)$ $\mathbb{R}_{+}^{n}$
. $n=\#(D)$ . $Q=(q_{ij}(a))\in P(S|S\cross A)$ $r=(r(i, a))\in B+(S\cross A)$ ,
MDPs$\{S, A, Q, r\}$ (cf. [13]), (deterministic)
(stationary) . $S$ $A$ $f$ $F$ . $f\in F$ ,
$\beta(0<\beta<1)$ $\phi(f|Q)\in \mathbb{R}_{+}^{n}$ $Q\in P(S|S\cross A)$
:
(210) $\phi(f|Q)=\sum_{t=0}^{\infty}(\beta Q(f))^{t}r(f)$ ,
, $r(f)=(r(1, f(1)), r(2, f(2)), \ldots, r(n, f(n)))’\in \mathbb{R}_{+}^{n},$ $Q(f)=(q_{ij}(f(i)))\in P(S|S)$ . $f\in F$
$L(f)$ : $\mathbb{R}_{+}^{n}arrow \mathbb{R}_{+}^{n}$ :
(2.11) $L(f)x=r(f)+\beta Q(f)x,$ $x=(x_{1}, x_{2}, \ldots, x_{n})’\in \mathbb{R}_{+}^{n}$ .
, .
Lemma 2.2. $(cf. /13J)(i)L(f)$ . , $x\leqq x’$ $L(f)x\leqq$
$L(f)x’$ (componentwise), $\Vert L(f)x-L(f)x’||\leqq\beta\Vert x-x’\Vert(x, x^{l}\in \mathbb{R}_{+}^{n})$ . , $\Vert\cdot\Vert$ $\sup$




, MDPs$\{S,$ $A,$ $Q,$ $r\}$ $Q$ $Q=\{\underline{Q},$ $\overline{Q}\rangle$ . ,
(3.1) $\underline{Q}=(\underline{q}_{ij}(a):i,j\in S, a\in A)\in \mathbb{R}_{+}^{kn\cross n},6=(\overline{q}_{ij}(a):i,j\in S, a\in A)\in \mathbb{R}_{+}^{knXn}$ ,
(3.2) $Q=\langle\underline{Q},\overline{Q}\rangle=\{Q\in P(S|S\cross A)|\underline{Q}\leqq Q\leqq\overline{Q}\}$
. $Q$ $Q=\langle Q,$ $\overline{Q}\rangle$ MDPs$\{Q\}($Interval estimated
MDPs $\{Q\})$ . , MDPs .
$f\in F$ $\phi(f|Q)$ :
(3.3) $\phi(f|Q)=\{\phi(f|Q)|Q\in Q\}\subset \mathbb{R}_{+}^{n}$ ,
, $\phi(f|Q)$ (210) . , $\phi(f|Q)\in C(\mathbb{R}_{+})^{n}$ . $\mathcal{L}$
$C(\mathbb{R}_{+})^{n}$ $C(\mathbb{R}_{+})^{n}$ :
(3.4) $\mathcal{L}(f)v=r(f)+\beta Q(f)v,$ $v\in C(\mathbb{R}_{+})^{n}$ ,
, (3.4) $Q(f)=\langle\underline{Q}(f),\overline{Q}(f)\rangle,\underline{Q}(f)=(\underline{q}_{ij}(f(i)))\in \mathbb{R}_{+}^{nxn},$ $\overline{Q}(f)=(\overline{q}_{ij}(f(i)))\in \mathbb{R}_{+}^{nxn}$
. Lemma 2.1 $\mathcal{L}(f)v\in C(\mathbb{R}_{+})^{n}(v\in C(\mathbb{R}_{+})^{n})$ .
, $\underline{L}(f):\mathbb{R}_{+}^{r\iota}arrow \mathbb{R}_{+}^{n},\overline{L}(f):\mathbb{R}_{+}^{n}arrow \mathbb{R}_{+}^{n}$ : $x=(x_{1}, x_{2}, \ldots, x_{n})’\in \mathbb{R}_{+}^{n}$
(3.5) $\underline{L}(f)x=r(f)+\beta\min_{Q\in Q(f)}Qx,\overline{L}(f)x=r(f)+\beta_{Q}\max_{\in Q(f)}Qx$ .
, .
Lemma 3.1. $f\in F$ , :(i) $\mathcal{L}(f)$ . (ii)
$\underline{L}(f),$ $\overline{L}(f)$ , $\sup$ .
Proof. [8] 31 . 1
Lemma 2.2 Lemma 3.1 .
Theorem 3.1. $f\in F$ :(i) $\phi(f|Q)\in C(\mathbb{R}_{+})^{n}$ $\phi(f|Q)$ $\mathcal{L}(f)$
. , $v\in C(\mathbb{R}_{+})^{n}$ $\mathcal{L}(f)^{\ell}varrow\phi(f|\mathcal{Q})(larrow\infty)$ . $(ii)\phi(f|Q)=[\underline{\phi}(f), \overline{\phi}(f)]$
, $\underline{\phi}(f),\overline{\phi}(f)$ $\underline{L}(f),\overline{L}(f)$ .
Proof $Q\in Q$ , $\phi(f|Q)=r(f)+\beta Q(f)\phi(f|Q)\leqq\overline{L}(f)\phi(f|Q)$ , $\phi(f|Q)\leqq$
$\overline{L}(f)^{\ell}\phi(f|Q)arrow\overline{\phi}(f)$ $(\ellarrow\infty)$ . , $\phi(f|Q)\geqq\underline{L}(f)^{\ell}\phi(f|Q)arrow\underline{\phi}(f)$ $(\ellarrow\infty)$ . , $\underline{\phi}(f)\leqq$
$\phi(f|Q)\leqq\overline{\phi}(f)$ . , $\underline{\phi}(f),$ $\overline{\phi}(f)\in\phi(f|Q)$ $\phi(f|Q)$ $Q\in Q$ $($ cf. $[$ 14$])$
$\phi(f|Q)=[\phi(f),\overline{\phi}(f)]$ . (ii) .
$\mathcal{L}(f)$ $u(f)\in C(\mathbb{R}_{+})^{n}$ . $v=[\underline{v}, \overline{v}]\in C(\mathbb{R}_{+})^{n}$ : $\mathcal{L}(f)v=$
$[\underline{L}\underline{v}’\overline{L}\overline{v}]$ . , $\ell\geqq 1$ $\mathcal{L}(f)^{l\ell}v=[\underline{L}^{\ell}\underline{v},\overline{L}^{\ell}\overline{v}]$ . , $\ellarrow\infty$ $u(f)=[\phi(f), \overline{\phi}(f)]$
. (ii) $u(f)=\phi(f|Q)$ (i) . 1
$f^{*}\in F$ , $\phi(f^{*}|Q)\prec\phi(f|Q)$ $f\in F$ .
Lemma 3.2. $f,$ $g\in F$ , $\phi(f|Q)\prec \mathcal{L}(g)\phi(f|Q)$ $\phi(f|Q)\prec\phi(g|Q)$ .
Proof. $\mathcal{L}(g)$ Theorem 3.1 $\phi(f|Q)\prec \mathcal{L}(g)\phi(f|Q)\prec \mathcal{L}(g)\mathcal{L}(g)\phi(f|Q)\prec\cdots$
$\prec(\mathcal{L}(g))^{n}\phi(f|Q)arrow\phi(g|Q)(narrow\infty)$ . , $\phi(f|Q)\prec\phi(g|Q)$ . 1
$D\subset C(\mathbb{R}_{+})^{n}$ $v\in D$ $D$ (efficient point) , $v\prec u$ $u\in D$
. $D$ $eff(D)$ . (3.1) 9, $e$ $\underline{Q}_{i,a}=$
$(\underline{q}_{i1}(a),\underline{q}_{i2}(a), \ldots,\underline{q}_{in}(a)),\overline{Q}_{i,a}=(\overline{q}_{i1}(a),\overline{q}_{i2}(a), \ldots ,\overline{q}_{in}(a))$ $Q_{i,a}=\{\underline{Q}_{i,a},\overline{Q}_{i,a}\rangle(i\in S, a\in A)$
. $u\in C(\mathbb{R}_{+})^{n}$ :
(3.6) $\mathcal{L}(u):=(\mathcal{L}(u)_{1},\mathcal{L}(u)_{2}, \ldots,\mathcal{L}(u)_{n})’$ ,
, $\mathcal{L}(u)_{i};=eff(\{r(i,$ $a)+\beta Q_{i,a}u|a\in A\})(i\in S)$ .
, Lemma32 .
3
Theorem 3.2. $f^{*}$ , $\phi(f^{*}|Q)$
.
(3.7) $u\in \mathcal{L}(u),$ $u\in C(\mathbb{R}_{+})^{n}$ .
Proof. $(\Rightarrow)f^{*}\in F$ Pareto-optimal . , Theorem31 $\phi(f^{*}|Q)$ $\mathcal{L}(f^{*})$
. , $\phi(f^{*}|Q)\in \mathcal{L}(\phi(f^{*}|Q))$ . , , $u\in C(\mathbb{R}+)^{n}$ $u\in \mathcal{L}(u)$
$\phi(f^{*}|Q)\prec u$ . , $\exists g\in F,$ $\exists i0\in S$ s.t. $\phi(f^{*}|\mathcal{Q})_{i_{0}}\prec u_{i_{\text{ }}}=$
$r(i_{0}, g(i_{0}))+\beta Q_{i_{0},g(i_{0})}u=\phi(g|Q)_{i_{\text{ }}},$ $\phi(f^{*}|Q)_{i}\preceq u_{i}=r(i, g(i))+\beta Q_{i,g(i)}u=\phi(g|Q)_{i}$ $(i\neq i_{0}, i\in S)$ .
, $a_{i}$ $a\in C(\mathbb{R}_{+})^{n}$ $i$ . , $f^{*}$ Paieto-optimal .
$(\Leftarrow)\phi(f^{*}|\mathcal{Q})$ $u\in \mathcal{L}u$ Paret$\triangleright optimal$ . , $\exists g\in F$ st. $\phi(f^{*}|Q)\prec$
$\phi(g|Q)$ . , $\exists i\in Ss.t$ . $\phi(f^{*}|Q)_{i}\prec\phi(g|Q)_{i}$ . , $\phi(f|Q)_{i}\in C(\mathbb{R}+)$ , $f\in F$
$\phi(g|Q)_{i}\preceq\phi(\overline{g}|Q)_{i}(i\in S)$ . $\phi(f^{*}|Q)\prec\phi(g|Q)\preceq$
$\phi(\overline{g}|Q)$ . , $\phi(\overline{g}|Q)\not\in \mathcal{L}(\phi(\overline{g}|Q))$ , $\exists i_{0}\in S$
$\exists a0\in A$
(3.8) $\phi(\overline{g}|\mathcal{Q})_{i_{0}}\prec r(i_{0}, a_{0})+\beta Q_{i_{\text{ }},a_{0}}\phi(\overline{g}|Q)_{i_{0}}$
. $f^{(1)}(i)=a0$ $(if i=i_{0}),$ $\overline{g}(i)$ $(if i\neq i_{0}, i\in S)$ , Lemma 32 $\phi(\overline{g}|Q)\prec$
$\phi(f^{(1)}|Q)$ . $\phi(f^{n}|Q)\prec\phi(f^{(1)}|Q)$ , $\phi(f^{(1)}|\mathcal{Q})\not\in \mathcal{L}(\phi(f^{(1)}|\mathcal{Q}))$ (3.8)
$\exists f^{(2)}\in F$ s.t. $\phi(f^{(1)}|Q)\prec\phi(f^{(2)}|Q)$ . $f\in F$ , $\exists f^{(k)}\in Fs.t$ . $\phi(f^{*}|Q)\prec$






$\Gamma(x)(x>0)$ $B(x, y)(x, y>0)$ .
$\Gamma(x)=\int_{0}^{\infty}t^{x-1}e^{-t}dt(x>0),$ $B(x, y)= \int_{0}^{1}t^{x-1}(1-t)^{y-1}dt(x, y>0)$ .
$k$- p.d. $f$. :
(4.1) $f(x_{1}, \ldots, x_{k})=\frac{\Gamma(\nu_{1}+.\cdot.\cdot.\cdot+\nu_{k+1})}{\Gamma(\nu_{1})\Gamma(\nu_{k+1})}x_{1}^{\nu_{1}-1}\cdots x_{k}^{\nu_{k}-1}(1-x_{1}-x_{2}-\cdots-x_{k})^{\nu_{k+1}}-1$ .
, $x_{1},$ $\ldots,$ $x_{k}$ $k$ $S_{k}:= \{(x_{1}, \ldots, x_{k});x_{t}\geqq 0, i=1, \ldots, k, \sum_{i=1}^{k}x_{t}\leqq 1\}$ ,
$f$ $S_{k}$ $0,$ $\nu_{i}\in \mathbb{R}$ $\nu_{i}>0(i1,2, \ldots, k+1)$ .
(4.2) $\overline{D}(\nu_{1}, \ldots, \nu_{k};\nu_{k+1})=\int\cdots\int_{S_{k}}f(x_{1}, \ldots,x_{k})dx_{1}\cdots dx_{k}$
. , ,
$D(\nu_{1}, \nu_{2}, \ldots, \nu_{k};\nu_{k+1})$
(4.3)





$D(\nu_{1}, . .., \nu_{k};\nu_{k+1}|\lambda)$
(4.4)
$;=/ \cdots\int_{S_{k}\cap\{0<x_{1}\leq\lambda\}}x_{1}^{\nu_{1}-1}\cdots x_{k}^{\nu_{k}-1}(1-x_{1}-\cdots-x_{n})^{\nu_{k+1}}-1dx_{1}\cdots dx_{k}(k\geqq 1)$
. $B(\alpha, \beta|\lambda):=D(\alpha;\beta|\lambda)(\alpha, \beta>0)$ ,
(4.5) $D(\nu_{1}, \ldots, \nu_{k};\nu_{k+1}|\lambda)$
$=B(\nu_{1}, \nu_{2}+\cdot \cdot\cdot+\nu_{k+1}|\lambda)B(\nu_{2}, \nu_{3}+\cdot \cdot\cdot+\nu_{k+1})B(\nu_{3}, \nu_{4}+\cdot \cdot\cdot+\nu_{k+1})\cdots B(\nu_{kk+1}\nu)$
. , $m,$ $n$





$P(S)=P_{n}= \{p=(p_{1},p_{2}, \ldots,p_{n})|p_{i}\geq 0, \sum_{i=1}^{n}p_{i}=1\}$ . $L(\cdot)$
(lower bound measure), $U(\cdot)$ $:=kL(\cdot)$ (upper bound measure) $L$ $k(k>0)$
(proportional measure) , $[L, kL]=[dp, kdp]$ . $\sigma=(\sigma_{1}, \sigma_{2}, \ldots, \sigma_{n})$
$\hat{\sigma}:=\sum_{k=1}^{n}\sigma_{k}$ $i$
$\sigma_{i}$ . $i$
$p_{i}$ , $p=(p_{1}, \ldots,p_{n})\in P_{n}$ $\sigma$ p.d. $f$.
(5.1) $f( \sigma_{1}, \sigma_{2}, \ldots, \sigma_{n}|p)=\frac{(\sigma_{1}+\cdot.\cdot.\cdot.+\sigma_{n})!}{\sigma_{1}!\sigma_{n}!}p_{1}^{\sigma_{1}}p_{2^{2}}^{\sigma}\cdots p_{n}^{\sigma_{n}}$
.
$\sigma$ $[L_{\sigma}, U_{\sigma}]=[L_{\sigma}, kL_{\sigma}]$ . $i$ $p_{i}$
, , $p_{1}$
$\{\frac{\int_{P_{n}}p_{1}Q(dp)}{\int_{P_{n}}Q(dp)}|L_{\sigma}\leqq Q\leqq U_{\sigma}\}$
. [1] , $\llcorner,\overline{\lambda}]$ .
(5.2) $L_{\sigma}(p_{1}-\underline{\lambda})^{+}-U_{\sigma}(p_{1}-\underline{\lambda})^{-}=0$
(5.3) $U_{\sigma}(p_{1}-\overline{\lambda})^{+}-L_{\sigma}(p_{1}-\overline{\lambda})^{-}=0$
, $x^{+}= \max\{0,$ $x\},$ $x^{-}=x^{+}-x= \max\{0,$ $-x\}$ .
$\hat{\sigma}=\sigma_{1}+\sigma_{2}+\cdots+\sigma_{n},$ $s=\sigma_{1}+1,$ $t=\hat{\sigma}-\sigma_{1}+n-1$ , (5.2) (5.3) ,
(5.4) $K(s, t, \lambda);=(\frac{s}{s+t}-\lambda)B(s,t)+(k-1)(B(s+1, t|\lambda)-\lambda B(s,t|\lambda))=0$
(5.5) $G(s, t, \lambda):=k(\frac{s}{s+t}-\lambda)B(s, t)-(k-1)(B(s+1, t|\lambda)-\lambda B(s,t|\lambda))=0$
. $(\hat{\sigma}+n)$ .
Theorem 5.1. $\sigma=(\sigma_{1}, \sigma_{2}, \ldots, \sigma_{n}),\hat{\sigma}=\sum_{L}^{n}=1\sigma_{i}$ . $[L, kL]$ ,
$p=(p_{1},p_{2}, \ldots,p_{n})$ $p_{i}$ $[\underline{\lambda}, \lambda]$ .
$K(\sigma_{i}+1,\hat{\sigma}+n-\sigma_{i}-1, \lambda)=0,$ $G(\sigma_{i}+1,\hat{\sigma}+n-\sigma_{i}-1, \lambda)=0$ .
5
6 A numerical experiment
$n=3$ . $P_{3}= \{p=(p_{1},p_{2},p_{3})|\sum_{l=1}^{3}p_{i}=1,p_{i}\geq$
$1,$ $i=1,2,3\}$ , $k=2$ , $[L, 2L]$ . $\hat{\sigma}=6$
, 6 , 1 3 , 2 1 , 3 2 . , $\sigma_{1}=3,$ $\sigma_{2}=$
$1,$ $\sigma_{3}=2$ , $\hat{\sigma}=\sigma_{1}+\sigma_{2}+\sigma_{3}=6,$ $s=\sigma_{1}+1=4,$ $t=\sigma_{2}+\sigma_{3}+(n-1)=5$
. Theorem 5. 1 , $\overline{\lambda}$ 9 $8-18\lambda+\lambda^{5}(126-336\lambda+360\lambda^{2}-180\lambda^{3}+35\lambda^{4})=0$
, -$\lambda\fallingdotseq$ 0.489 . , $\underline{\lambda}$ $4-9\lambda-\lambda^{5}(126-336\lambda+360\lambda^{2}-180\lambda^{3}+35\lambda^{4})=0$
, $\underline{\lambda}\fallingdotseq 0.400$ . $p_{1}$ [0.400, 0.489] .
$k=1$ , , ,
$p_{i}=[\underline{p}_{i} ,\overline{p}_{i}]=\mp_{\sigma n}^{\sigma+1}$ 1 . , $(\sigma_{1}, \sigma_{2}, \sigma_{3})$
( ) $p_{i}$ .
, Markov set-chain (cf. [6]).
$n=3,$ $S=\{1,2,3\}$ , policy (deterministic stationary policy) $x_{1}=1$ 20
$x_{20}$ , , Table
61 . , 2 , 2 , 6
1 $\sigma_{1}=1$ , 2 $\sigma_{2}=3$ , 3 $\sigma_{3}=3$
.
$i$ $p_{i1},p_{i2},$ $p_{i3}$ , Theorem51 (Table
61). $\sigma_{1},$ $\sigma_{2},$ $\sigma_{3}$ $i$ ( ) .
Table 6.1: Intervals of posterior measures
1, $\sigma\hat=$ 6( ), $\sigma_{1}=3,\sigma_{2}=1,\sigma s=2$ :
: $(\begin{array}{lll}3 1 2l 3 21 2 4\end{array})$
2, $\hat{\sigma}=6,$ $\sigma_{1}=1,$ $\sigma_{2}=3,$ $\sigma s=2$ : 3, $\hat{\sigma}=7,$ $\sigma_{1}=1,$ $\sigma_{2}=2,$ $\sigma_{3}=4$ :
$\hat{p}_{21}=g_{21},\overline{p}_{21}]$ $\hat{p}_{22}=|\underline{p}_{22},\overline{p}_{22}]$ $\hat{p}_{23}=|\underline{p}_{23},\overline{p}_{23}]$ $\hat{p}_{31}=k_{1}^{\overline{p}_{31}]}$ $\hat{p}_{32}=k_{2}\overline{p}_{32}]$ $\hat{p}_{33}=[pss’\overline{p}_{33}]$
[0.187, 0.260] [0.400, 0.489] [0.292, 0.376] $[0168$ , 0.235$]$ [0.262, 0.334] [0.458, 0.542]
$Q=\langle Q,\overline{Q}\rangle$ $i$ $\hat{q}_{i}(i=1,2,3)$ , ext $(\hat{q}_{i})$
$=\prime 2$ :ext $(\hat{q}_{1})=\{(0.437$ , 0.187, 0.376$)$ , (0.4, 0.224, 0.376), (0.448, 0.26, 0.292), (0.489, 0.219,
0.292), (0.4, 0.26, 0.34), (0.489, 0.187, 0.324) $\}$ , ext $(\hat{q}_{2})=\{(0.187$ , 0.437, 0.376$)$ , (0.224, 0.4, 0.376), (0.26,
0.448, 0.292), (0.219, 0.489, 0.292), (0.26, 0.4, 0.34), (0.187, 0.489, 0.324) $\}$ , ext $(\hat{q}_{3})=\{(0.196$ , 0.262, 0.542 $)$ ,
(0168, 0.29,0.542), (0.208, 0.334, 0.458), (0.235,0.307, 0.458), (0168, 0.334, 0.498), (0.235, 0.262,0.503) $\}$
.
$\beta=0.9,$ $r=(3,1,2)’,$ $F\ni$ f( ) $\underline{L}(f)x=r(f)+\beta\min_{Q\in Q(f)}Qx,\overline{L}(f)x=r(f)+$
$\beta\max_{Q\in Q(f)}Qx$ , $\underline{\phi}(f)=(20.003$,17.508, 18.643 $)$ , $\overline{\phi}(f)=(21.732$ ,19.232, 20.339$)$
. , Theorem 31 $\phi(f|Q(f))=[\underline{\phi}(f),\overline{\phi}(f)]=\phi(f|Q(f))=([20.003,21732|$ , [17.508,
19.232], [18.643, 20, 339] $)$ . $Q=(q_{1}., q_{2}.,q_{3}.)’,$ $q_{1}$ . $=( \frac{1}{2}, \frac{1}{6}, \frac{1}{3}),$ $q_{2}$ . $=( \frac{1}{3}, \frac{1}{3}, \frac{1}{3})$ ,
$q_{3}=( \frac{2}{5}, \frac{2}{5}, \frac{1}{5})$ value fanction $\phi=(22.469$ ,20116, 21135 $)$ .
7 MDPs
, MDPs$\{Q\}$ $Q\in \mathcal{M}_{n}$ . ,
MDPs .
, $Q=\langle\underline{Q},\overline{Q}\}\in \mathcal{M}_{n}$ $Q,$ $\overline{Q}\in \mathbb{R}_{+}^{nxn}$ . . ,
.
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Lemma 7.1. (i) $\underline{Q}_{t}\downarrow\underline{Q},\Phi_{t}\uparrow\overline{Q}(tarrow\infty),$ $\langle\underline{Q}_{t},\overline{Q}_{t}\rangle\neq\emptyset(\forall t\geqq 1)$ , $(\underline{Q}_{t},\Phi_{t}\ranglearrow\rho\langle\underline{Q},$ $\Phi\rangle(tarrow$
$\infty)$ . $(ii)\underline{Q}_{t}\uparrow\underline{Q},$ $\overline{Q}_{t}\downarrow\overline{Q}(tarrow\infty),$ $\{\underline{Q},\overline{Q}\}\neq\emptyset$ , $\{\underline{Q}_{t},$ $\overline{Q}_{t}\ranglearrow\rho\langle\underline{Q},$ $\overline{Q}\rangle(tarrow\infty)$ .
Proof. (i) $(\underline{Q}_{t},$ $\overline{Q}_{t}\rangle\uparrow$ $\{\{\underline{Q}_{t},\overline{Q}_{t})\}$ $( i.e., \lim\sup_{tarrow\infty}\langle\underline{Q}_{t},\overline{Q}_{t}\}=\lim\inf_{tarrow\infty}\{\underline{Q}_{t}, \overline{Q}_{t}\})$ ,
$\lim_{tarrow\infty}\langle\underline{Q}_{t},\overline{Q}_{t}\}=\bigcup_{t=1}^{\infty}\{\underline{Q}_{t},\overline{Q}_{t}\rangle$ ( ) , $\langle\underline{Q}_{t},\overline{Q}_{t}\}\subset\{\underline{Q},\overline{Q}\rangle$ for all $t\geqq 1$
(7.1) $\lim_{tarrow\infty}\langle\underline{Q}_{t},\Phi_{t}\rangle\subset\{\underline{Q},\Phi\rangle$
. $\forall Q\in\{\underline{Q},\overline{Q}\rangle$ . $\langle\underline{Q}_{t},\overline{Q}_{t}\rangle\neq\emptyset(t\geqq 1)$ $\exists Q’\in\{\underline{Q}_{t},\overline{Q}_{t}\rangle(t\geqq 1)$ $\langle\underline{Q}_{t},\delta_{t}\rangle\subset\langle\underline{Q},\overline{Q}\rangle$
, $Q’\in\langle\underline{Q},$ $\overline{Q}\rangle$ . $0\leqq\alpha\leqq 1$ , $Q(\alpha)=\alpha Q+(1-\alpha)Q’$ . , $Q(O)=Q^{l}\in$
$\langle\underline{Q},\overline{Q}\rangle,$ $Q(1)=Q\in\langle\underline{Q},6\rangle$ Lemma $2.1(i)$ $\{\underline{Q},\overline{Q}\}$
(7.2) $Q(\alpha)\in(\underline{Q},6\rangle$ for all $0\leqq\alpha\leqq 1$ .
$Q(O)=Q’\in\{\underline{Q}_{t}, \overline{Q}_{t}\}$ for all $t\geqq 1$ , $\alpha_{t}:=\sup\{\alpha|Q(\alpha)\in\langle\underline{Q}_{t},\overline{Q}_{t}\}\}(t\geqq 1)$ ,
{ $\underline{Q}_{t},\overline{Q}_{t}\rangle$ , $\langle\underline{Q}_{t},$ $\overline{Q}_{t}$ } $\subset\langle\underline{Q}_{t+1},$ $\overline{Q}_{t+1}\rangle(t\geqq 1)$ , $Q(\alpha)\in\langle\underline{Q}_{t},\overline{Q}_{t}\rangle$ for all
$0\leqq\alpha\leqq\alpha_{t}$ $\alpha_{t}\leqq\alpha_{t+1}\leqq 1(t\geqq 1)$ .
$\alpha^{*}$ $:= \lim_{tarrow\infty}\alpha_{t}$ . $\alpha^{*}<1$ $\alpha^{*}<\alpha\leqq 1$ $\alpha$ $Q(\alpha)\not\in\langle\underline{Q},\overline{Q}\}$ ,
(7.2) . , $\alpha^{*}=1$ . , $Q(\alpha_{t})\in\langle\underline{Q}_{t},$ $\Phi_{t}\ranglearrow Q(1)=Q(tarrow\infty)$ . ,
$\lim suptarrow\infty\langle\underline{Q}_{t},\overline{Q}_{t}\rangle\supset\langle\underline{Q},\overline{Q}\rangle$ . $\lim\sup_{tarrow\infty}\langle\underline{Q}_{t},\overline{Q}_{t}\rangle=\lim_{tarrow\infty}\langle\underline{Q}_{t},\overline{Q}_{t}\}$
(7.3) $\lim_{tarrow\infty}\{\underline{Q}_{t},\overline{Q}_{l}\rangle\supset\{\underline{Q},\overline{Q}\}$ .
(7.1) (7.3) $\lim_{tarrow\infty}\langle\underline{Q}_{t},\overline{Q}_{t}\rangle=\langle\underline{Q},$ $\overline{Q}\rangle$ . (i) . (ii) .1
Lemma7.1 .
Theorem 7.1. $\underline{Q}_{t}arrow\underline{Q},$ $e_{t}arrow\Phi(tarrow\infty),$ $Q_{t}:=\{\underline{Q}_{t},O_{t}\rangle\neq\emptyset(\forall t\geqq 1), Q:=\langle\underline{Q},\overline{Q}\}$ . ,
:(i) $Q_{t}arrow Q(tarrow\infty)$ . $(ii)\forall f\in F,$ $\phi(f|Q_{t})arrow\phi(f|Q)(tarrow\infty)$ .
Proof. (i) $\forall\epsilon>0$ $\lim\sup_{tarrow\infty}Q_{t}=$ lim $suptarrow\infty\langle\underline{Q}_{t},\overline{Q}_{t}\}\subset\langle\underline{Q}-\epsilon E,\overline{Q}+\epsilon E\rangle$ , , $E=(e_{ij})$
$e_{ij}=1(1\leqq i,j\leqq n)$ . , $\lim\inf_{tarrow\infty}Q_{t}=\lim\inf_{tarrow\infty}\langle\underline{Q}_{t},\overline{Q}_{t})\supset\{\underline{Q}+\epsilon E,\overline{Q}-\epsilon E\rangle$ ,
$\epsilonarrow 0$ Lemma 71 $\lim_{\mathcal{E}arrow 0}\{Q-\epsilon E,\overline{Q}+\epsilon E)=\lim_{\epsilonarrow 0}\langle\underline{Q}+\epsilon E,\overline{Q}-\epsilon E\}=\langle\underline{Q},\overline{Q}\}$ . ,
$\{Q_{t}\}$ $\lim_{tarrow\infty}Q_{t}=Q$ . (ii) ( , $Q_{t}arrow Q$ , $x\in \mathbb{R}_{+}$ $\min_{Q\in Q_{\ell}}Qxarrow$
$\min_{Q\in Q}Qx,$ $\max_{Q\in Q_{t}}Qxarrow\max_{Q\in Q}Qx(tarrow\infty)$ . $\underline{L}_{t}(f)\underline{\phi}_{t}(f)arrow\underline{L}(f)\underline{\phi}(f),\overline{L}_{t}(f)\overline{\phi}_{t}(f)arrow$
$\overline{L}(f)\overline{\phi}(f)(tarrow\infty)$ . 3.1 $\phi(f|Q)=[\underline{\phi}(f), \overline{\phi}(f)]$ $\phi(f|\mathcal{Q}_{t})arrow\phi(f|\mathcal{Q})(tarrow\infty)$ .I
$Q\in P(S|SxA)$ MDPs$\{Q\}$ $t$ $X_{t},$ $\Delta_{T}(t\geqq 0)$
, $t$ $H_{t}=(X_{0}, \Delta_{0}, X_{1}, \Delta_{1}, \ldots, X_{t})$ . $i,j\in S,$ $a\in A$
(7.4) $N_{T}(j|i, a, H_{T}):= \sum_{t=0}^{T-1}I_{\{X_{t}=i,\Delta_{t}=a,X_{t+1}=j\}}(T\geqq 1)$
. $i\in S,$ $a\in A$ , $\{pj=Pij(a), (1\leqq i\leqq n)\}$
$\{N_{T}(j|i, a, H_{T}), 1\leqq i\leqq n\}$ $Q(H_{T})=(\underline{Q}(H_{T}),\overline{Q}(H_{T})\rangle=\langle(\underline{q}_{ij}(a|H_{T})),$ $(\overline{q}_{ij}(a|H_{T}))\rangle$
. , 9(HT): $=(\underline{q}_{ij}(a|H_{T}) :i,j\in S, a\in A)\in \mathbb{R}_{+}^{n\rangle(nk},\overline{Q}(H_{T}):=(\overline{q}_{ij}(a|H_{T})$ : $i,j\in S,$ $a\in$
$A)\in \mathbb{R}_{+}^{n\cross nk}$ , $Q(H_{T})=\{Q(H_{T}),\overline{Q}(H_{T})\rangle$ . $Q\in P(S|SxA)$ , $MDPs\{Q\}$
$H_{T}$ $Q(H_{T})$ MDPs MDPs$\{Q(H_{T})\}$ . $N_{T}(i, a|H_{T}):=$
$\sum_{j\in S}N_{T}(j|i, a, H_{T})(i\in S, a\in A)$ .
([1]) Theorem71 .
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Theorem 7.2. $\{X_{0}, \triangle_{0}, X_{1}, \Delta_{1}, \ldots\}$ MDPs$\{Q\}$ . $i\in S,$ $a\in A$ ,
1 $N_{T}(i, a|H_{T})arrow\infty(Tarrow\infty)$ . , 1 MDPs$\{Q(H_{T})\}$ MDPs$\{Q\}$
, , . (i) $Q(H_{T})arrow\{Q\}(Tarrow\infty),$ $(ii)\forall f\in F,$ $\phi(f|\mathcal{Q}(H_{T}))arrow\phi(f|Q)(Tarrow$
$\infty)$ .
Proof Theorem 7.2 , [1] 5.2 $\underline{Q}(H_{T}),$ $\overline{Q}(H_{T})arrow Q(Tarrow\infty)$ .
, Theorem 7. 1 (i),(ii) .I
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